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Abstract

Traditional multi-lot setup adjustment procedures are based on the assumptions of known process parame-
ters. In the case that process parameters are unknown, adjustment procedures based on a Bayesian model
using Markov Chain Monte Carlo techniques have been proposed but they are very time-consuming. In this
paper we present a faster adjustment procedure also based on a Bayesian model using a Sequential Monte
Carlo (SMC) method for computing posterior distributions of the unknown process parameters.

Key Words: Statistical Process Control, Random effects model, Sequential Monte Carlo method,
Bayesian hierarchical model

1 Introduction

In this paper we consider the so-called setup adjust-
ment problem, originally presented by F.E. Grubbs
[7]. The problem relates to a machine that produces
discrete-parts in lots or batches, with the possibil-
ity of an incorrect setup operation resulting in an
error or offset in the quality characteristic of inter-
est. The problem is to find a sequence of adjustments
–assuming a manipulable variable exists in the ma-
chine or process– that will be optimal in some sense.
Grubbs proposed two solutions to this problem, de-
pending on whether one considers a single lot of parts
or multiple lots of parts with one setup operation be-
fore each lot is started. The objective, in either case,
is to minimize the sum of squared deviations from tar-

get of the quality characteristic (i.e., the only relevant
cost is a quadratic off-target cost). Grubbs solutions
have been studied and extended recently by Trietsch
[11] and by Del Castillo, Pan and Colosimo [4, 5].

In this paper, we focus on the second problem stud-
ied by Grubbs, the multiple lot case. Grubbs solution
for this case is optimal for the case that the only rel-
evant cost is a quadratic off-target cost and one has
perfect knowledge of the process parameters: the lot-
to-lot variance (σ2

θ), the within-lot variance (σ2
υ). An

additional parameter, the lot-to-lot mean (µ) is also
assumed known and equal to zero. Assuming per-
fect knowledge of the process parameters is a strong
assumption almost never met in practice. This is spe-
cially true if new products or parts are introduced, a
situation which occurs frequently in high technology
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industries.
Recent work by Colosimo, Pan and Del Castillo [3]

presents a Bayesian adjustment rule for the multiple-
lot, unknown parameters case, based on Markov
Chain Monte Carlo (MCMC) techniques. Lian,
Colosimo and Del Castillo [9] conducted a sensitivity
analysis on the performance of this MCMC adjust-
ment rule and modified it in order to obtain a rule
more robust to a wider set of process conditions.

Despite the excellent performance of the modified
MCMC setup adjustment rule of [9], it is a rule that
requires substantial computational time at each point
in time. The reason of this is that the Markov Chain
computations are restarted from scratch each time a
new observation is obtained. This motivates the ap-
proach taken in the present paper. As an alternative
to MCMC methods, we consider the use of Sequential
Monte Carlo (SMC) methods applied to the multiple
lot, unknown parameters, setup adjustment problem.
SMC methods also rely on Monte Carlo algorithms
for the solution of Bayesian inference problems in
which posterior distributions of the unknown param-
eters are created numerically from the generation of
a large number of random variates or “particles”. In
contrast to MCMC methods which build these dis-
tributions from scratch every time a new observation
becomes available (i.e., they start from the prior dis-
tributions every time and pass through all data up
to the current time), SMC techniques if applied to
Bayesian inference problems update sequentially the
previous posterior distribution at time t (the prior at
time t+1) and transforms them in the new posterior
from which inferences useful for our adjustment pur-
poses can be made. Thus, in SMC methods Bayes’
formula is used to update samples that approximate
the underlying distributions. Clearly, the compu-
tational efficiency of SMC techniques is relevant in
production environments where the time to produce
parts is very short and fast on-line adjustments re-
quired.

A relative new area of research in Statistics, SMC
techniques have appeared in the last few years in
the Statistical literature under names such as Sam-
pling/Importance Resampling (SIR), bootstrapping
filters, and particle filters, among other names. For
a detailed presentation of SMC methods, see [6].

The remainder of this paper is organized as follows.
Section 2 presents the statistical model we consider

for the multiple lot adjustment problem and tech-
niques that have been previously proposed for the
solution of its different versions. In Section 3 we
present the proposed adjustment rule, and indicate
the reasons that lead us to the particular choice of
SMC techniques we recommend. Section 4 presents a
study of the performance of the SMC adjustment rule
compared to Grubb’s Harmonic rule. Finally, Section
5 gives suggestions for further research.

2 System models and existing
adjustment procedures

We consider a multi-batch discrete-part manufactur-
ing process system, in which an initial offset can occur
in the setup of each batch and it can be linearly cor-
rected at each step before a part is processed. The
statistical model can be expressed as follows:

Yij = θij + υij (1)
θij = θi(j−1) + Uij (2)

θi0 ∼ N(µ, σ2
θ)

υij∼N(0, σ2
υ) ;

where:

• i = 1, ..., I is the batch index;

• j = 1, ..., J is the part index;

• Yij is the deviation from the nominal value for
the quality characteristic associated with the jth

part in the ith batch (part (i,j));

• θij is the (unknown) mean for the jth part in the
ith batch. θi0 represents the initial offset due to
setup errors, which is assumed to be normally
distributed with mean µ and variance σ2

θ ;

• υij represents the random error due to the com-
bined effect of the intrinsic variability in the ma-
chining process and the variability in the mea-
surement system. It is assumed to be normally
distributed with mean equal to zero and variance
σ2

v .

• Uij is the adjustment made before the jth part in
the ith lot. It can be represented as the difference
between the levels of two sequential controller
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variables: Uij=uij − ui(j−1). Equation (2) can
be rewritten as

θij = θi0 + uij (3)

We can always set the desired quality characteristic to
be 0, thus the performance of an adjustment rule can
be evaluated by a quadratic symmetric loss function,
given by:

C =
I∑

i=1

J∑

j=1

Y 2
ij . (4)

There are several adjustment rules that can be ap-
plied to this problem based on different assumptions.
For instance, one can apply:

• Grubbs’ Harmonic rule [7] where ∇Uij = − 1
j Yij

(Ui0 = 0 ∀i). Grubbs’s Harmonic rule is op-
timal if the initial offsets θi0 are totally unpre-
dictable. But in practice, these initial offsets do
follow a certain distribution (assumed to be nor-
mal in (3)) and can be predicted by it. Even if
no knowledge of the distribution is available at
the beginning, such statistical pattern should not
be ignored. We can keep updating the estimates
of the parameters characterizing the distribution
while more and more parts are observed, which
will provide more opportunities and improve the
accuracy of adjustments.

• Grubbs extended rule [7], characterized by
∇Uij = Yij/(j + σ2

v/σ2
θ), requires the knowledge

of σ2
v/σ2

θ and assumes µ = 0. It is not appli-
cable when such knowledge is unknown. To ob-
tain the knowledge of these parameters, a pilot
study needs to be conducted before the process
begins. But the estimates may be biased due to
the small samples size of the pilot study or the
difference between the pilot study and the pro-
cess to be controlled. Furthermore, leaving the
pilot study uncontrolled may be unaffordable for
some expensive-part manufacturers.

• the integral or EWMA controller [2], where
∇Uij = −λYij (Ui0 = 0 ∀i) and λ is some weight
parameter (the integral constant) that needs to
be chosen a priori. It is difficult to choose a
proper λ when the prior knowledge of the system
parameters is lacked, although this controller re-
mains “alert” in case further shifts or offsets oc-
cur within a lot.

• the sequential Bayesian adjustment rule [3], in
which required parameters are sequentially pre-
dicted or estimated through posterior distri-
butions by using Markov Chain Monte Carlo
(MCMC) and the adjustments are made accord-
ingly. At each step, the computation of a poste-
rior distribution using MCMC method is based
on the original prior distribution and the whole
data set. Each iteration of the MCMC updat-
ing always starts over from the beginning of the
data set but does not utilize the posterior dis-
tributions obtained in the previous step. As the
operation of the process goes on, the size of the
data set grows and the time for the MCMC com-
putation becomes substantial.

3 The Sequential Monte Carlo
methods

The adjustment rule proposed in this paper is based
on a similar Bayesian model that is used in the se-
quential Bayesian adjustment rule. There are still
two levels of adjustment:

1. before processing a new lot i (where i ≥ 3), the
initial set-point ui0 that has to be set on the
machine before processing lot i is based on the
predictive distribution of the offset

Ui0 = −µ̂|Di0 for i ≥ 2, (5)

or
ui0 = −µ̂|Di0, (6)

where µ̂i0 is the mean of the posterior distribu-
tion p(µ|Di0) and Di0 represents all the data be-
fore lot i starts;

2. after observing at least one part in a lot, adjust-
ments are based on the posterior distribution of
the offset in the current lot:

Uij = −θ̂ij |Dij , for j = 1, 2, ..., J − 1, (7)

or
uij = −θ̂i0|Dij , (8)

where θ̂ij |Dij is the mean of the posterior dis-
tribution p(θij |Dij) and Dij represents all the
data before the (j + 1)th part in the ith lot is
processed.
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To implement the adjustment rule, the posterior dis-
tributions of the system parameters need to be com-
puted at each step when a new part is observed. In
this case, MCMC method becomes not time-efficient
as the size of the data set grows. Sequential Mote
Carlo methods, on the other hand, keep track of the
posterior distributions previously obtained and up-
date the new posterior distributions only according to
the new data collected since the previous step, so that
the computation effort does not grow with the size of
the total data set. Despite the benefits of sequen-
tial updating, these methods pose some difficulties
in practice. In most SMC methods, such as impor-
tance sampling and bootstrap filter algorithms, the
values of the particles remain the same throughout
all iterations and only the weights or the frequencies
associated with the particles change. After a num-
ber of iterations, all particles are likely to degener-
ate to a single value or only one particle has positive
weight, which could provide a biased estimate and
will never change even when we keep updating the
posterior distributions. Such problem is severe when
the original prior distributions have large variances
or high dimension, the number of particles is small or
the observed data set is of large scale. The degree of
degeneracy can be monitored via a computed num-
ber between 0 and 1, which is referred to as effective
sample size(ESS) [8, 10]. Balakrishnany and Madi-
gan [1] proposed a One-pass Particle Filtering(1PFS)
algorithm, in which a “rejuvenation” step is used to
disperse the particles when ESS drops below a spe-
cific level and reduce the degeneracy. In this paper,
we borrow the idea of 1PFS algorithm and apply it to
multi-lot setup adjustment problems for distribution
computation.

The prior distributions of the system parameters
are set to be:

µ|µ0, σ
2
0 ∼ N(µ0, σ

2
0), (9)

σ2
θ |a1, b1 ∼ LN(µ1, σ

2
1), (10)

σ2
υ|a2, b2 ∼ LN(µ2, σ

2
2), (11)

where µ0,σ2
0 ,µ1,σ2

1 ,µ2,σ2
2 are known constants and

LN stands for a Log-Normal distribution. The pa-
rameters should be chosen to construct vague priors
in the case that no prior knowledge of these parame-
ters is available. In particular, µ0 is usually 0 and σ2

0

is sufficiently large; µ1 and σ2
1 (µ2 and σ2

2) can be set
so that the mode of the prior log-normal distribution

is close to the region that the process parameter σ2
θ

(σ2
υ) is likely to be in and the variance is sufficiently

large.

4 Comparison with Grubb’s
Harmonic Rule

Grubb’s Harmonic Rule is widely accepted in prac-
tice, especially when the prior knowledge of variance
components σ2

θ and σ2
υ is not available, so its per-

formance can be used as a benchmark. The relative
savings in quadratic cost induced by the proposed
adjustment rule against Grubb’s Harmonic rule can
evaluate the performance of the proposed adjustment
rule, which is given by:

S =
Ch − Cs

Ch
= 1− Cs

Ch
, (12)

where Ch is the quadratic cost of a process ad-
justed by the Grubb’s Harmonic Rule and Cs is the
quadratic cost of the process adjusted by using Se-
quential Monte Carlo methods.

To compare the proposed adjustment rule with
Grubb’s rule in a variety of production situations, 16
different types of systems or scenarios were simulated
according to Table 1. The lot number I is fixed at 20.
Generally, the difference between the two rules are
small when I is small and the advantage of Bayesian
models is significant when I is large.

The prior distribution of µ is usually easy to
choose. Here µ0 is set to be 0 and σ2

0 is chosen to
be 10000. To investigate the impacts of the prior dis-
tributions for σ2

υ and σ2
θ , 4 scenarios were created as

in Table 2:

• Scenario 1: The modes of the prior distributions
are exactly equal to the true parameters for σ2

υ

and σ2
υ; The variances are relatively small.

• Scenario 2: The modes of the prior distributions
are exactly equal to the true parameter for σ2

υ

and σ2
υ; The variances are relatively large.

• Scenario 3: The mode of the prior distribution
for σ2

υ is 4 times of the true parameter; The
mode of the prior distribution for σ2

θ is 2 times of
the true parameter; The variances are relatively
small.
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System J συ µ σθ

1 20 4 4 2
2 20 4 4 4
3 20 4 0 2
4 20 4 0 4
5 20 2 4 2
6 20 2 4 4
7 20 2 0 2
8 20 2 0 4
9 5 4 4 2

10 5 4 4 4
11 5 4 0 2
12 5 4 0 4
13 5 2 4 2
14 5 2 4 4
15 5 2 0 2
16 5 2 0 4

Table 1: Set of parameters characterizing systems
studied in this paper.

• Scenario 4: The mode of the prior distribution
for σ2

υ is 4 times of the true parameter; The
mode of the prior distribution for σ2

θ is 2 times of
the true parameter; The variances are relatively
large.

Prior mode(σ2
υ) mode(σ2

θ) variance(σ2
υ, σ2

θ)
1 σ2

υ σ2
θ 2×mode2

2 σ2
υ σ2

θ 100×mode2

3 4× σ2
υ 2× σ2

θ 2×mode2

4 4× σ2
υ 2× σ2

θ 100×mode2

Table 2: Scenarios for prior distributions.

For each combination of the system and the prior
scenario, 10 replications were made. The averages of
the saving rates and their 95% confidence intervals
are shown in Figure 1. Several Conclusions can be
made according to this result:

• The differences between these 4 prior settings are
not significant. Therefore, the requirements on
the prior settings are not very strict.

• In most cases, Sequential Monte Carlo method
shows significant advantages against the har-
monic rule, except for systems 8 and 16. In these

two cases, the means of the initial offsets are 0
and the large lot-to-lot variances σ2

θ make the
initial offsets more unpredictable, which is close
to the assumption on which the harmonic rule
is based. On the other hand, extra errors are
introduced in estimating µ by Sequential Monte
Carlo method due to the large variance σ2

θ , hence
the total quadratic costs are increased. Even in
such disadvantageous cases, the performances of
SMC are still close to those of the harmonic rule
(mean is below 0 but the CI’s include 0).

• From J=5 to J=20, the number of parts in a
lot is increased and the magnitudes of the per-
centage savings drop. This is because the major
adjustments on setup errors are made during the
first few parts in a lot. However, when there are
more parts in a lot, more observations can be
utilized in estimating system parameters, so the
performance of SMC approach is more stable.
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Figure 1: Average saving rates induced by SMC
method v.s. the harmonic rule for each system and
prior combination and their 95% confidence intervals

5 Future Work

The performance of the SMC method is robust to
the 4 prior scenarios considered in the previous sec-
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tion. For better understanding the effects of prior
distributions, more cases should be studied and the
suggestions on how to set up the prior distributions
should be given.

One major reason that the SMC method outper-
forms the harmonic rule is that the first adjustment
in a lot is based on the estimate of µ. But in some
special situations when the true parameter µ is 0 and
σ2

θ is large, such adjustments can introduce more er-
rors. A modified adjustment procedure in which the
first adjustments are made conditionally can improve
the robustness of the SMC method.

Finally, Grubb’s extended rule may be an alterna-
tive adjustment procedure when certain prior knowl-
edge on the system parameters, either accurate or
inaccurate, is available. A comparison between the
SMC method and Grubb’s extended rule should be
conducted. A combined approach using the two rules
could be more efficient.
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